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§ 1. Introduction and Summary of the results

The means developed in the preceding paper will be employed here
to discuss a few typical numerical cases. In all cases we consider a uniform
Northern wind with some time-behaviour. More explicitly in the following

three sections we consider:

@ an exponential windfield,
b a step-function windfield,
¢ a step-sine windfield.

The exponential windfield is determined by
(1.1) V(t) =cyeP1t 4 coeP2?, t > — o0,

where ¢, c3, P1, P2 are constants.
The step-function windfield is given by

{ V(it)=0 for £<O,

(1.2) V(ty=—1 for &>0.

The step-sine-windfield is determined by
. ' { V(t)=0 for t<O,

(1.3) V()= —sin wt for £>0.

In order to allow for comparison between the various results we take
max | V()| =1. o
The numerical data are those of VI section 2. For convenience we repeat

O<r<m 0 <y <2m,
- A=0.12 2=0.6

with a time scale of 1.4 hours pro unit.
The conversion needed in order to obtain the elevation in meters for

a given maximum velocity of the wind in meters pro second is given by
the following table.

1) Report TW 73 of the Mathematical Centre, Amsterdam.
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We remind the reader that the elevation depends quadratically on the
windvelocity (cf. V1 2-3).

TABLE 1
max s factor
29 0.50
30 0.54
35 ‘ 0.75
41 . 1.00

By way of illustration we may take the stationary case U=0, V= —1.
Then at the ‘“Dutch’ coast the stationary elevation 2x is obtained. For
a wind of 30 m/sec this corresponds with an elevation of approximately
3.40 meters (cf. also 11 6.13). , o S

In the case a the formalism of the Laplace transformation can be used
but the inverse transformation is not needed. However, the results only
apply for a restricted interval of time i.e. the interval for which (1.1)
has a physical meaning. For this type of windfield with the constants
given by (2.2) the maximum intensity is reached at {=20.1 corresponding
to about 28 hours. ‘

The maximur~ elevation (3=, 0,t) at the middle of the “Dutch” coast

is found be |
(max=95.90 for ¢=23 (32 hr).

If the effect of the rotation-of the Earth were absent we would have found
Cmax=6.65 at about the same time.

The graphs of {(4n, 0,¢) iIn both cases and the wind-function are given
in fig. 1.
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Fig. 1. Elevation at the ‘“Dutch” coast due to the exponential windfielcC
V = —0.27 (e%12t — (),2¢0.18¢) ' '

Al Quasi-stationary elevation —2xn V (¢)
A2 Elevation at (3x, 0) for 2 = 0.6
“ A3 Elevation at s, 0) for 2 = 0.



420

A great number of elevations at various instants have been calculated.
They enable us to draw lines of constant elevation in the geometrieal
rectangular model. A number of those isohypses are given in fig. 2. In-
spection leads to the following preliminary conclusion

10. The rotation of the Earth causes chiefly an East-West skewness
of the sea surface. This skewness is slight at the southern coast, but
increases in northern direction right up to the ocean. Moreover it: brings
about a reduction of the maximum elevation. L e g

Fig. 2. Isohypses in & rectangular bay due to an exponential windfield.

In the case b we have the transient phenomenor:. of the discontinuity
at {=0. Here inverse Laplace transformation is imperative. By using the
approximate expression of {(z, 0, p) derived in section 8 of the preceding
paper (formula 8.16) it is possible to compute {(z, 0, ¢)- by means of the
calculus of residues applied to the complex inversion formula. Tt is known
that the best approximation is obtained at the middle (4=, 0). Moreover,
the results of the previous case indicate ‘that {(z, 0,t) depends only
slightly on x thereby confirming the theoretical result obtained earlier
(cf. VI 8.6). ‘ ‘ '

The calculations show that {(3n, 0,t) increases almost monotonically
to its stationary value of 2x i.e.

é'ma,x# 6.28 fOI‘ t‘—)"oov |
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in the absence of the Coriolis effect the elevation has a much more
oscillatory character with a considerable overshoot of the stationary

value at t=4xn 1.e.
gmaxm9.17 fOI‘ [=12.6 (].8 hr).

Also here the damping influence of (2 i1s apparent. The elevation at
other points of the sea has not been considered. The graphs of {(3x, 0, ?)

are given in fig. 3.
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Fig. 3. Elevation at the *““Dutch’ coast due to the step-function windfield

{ O forit<O

Vm?—-—lfort>0.

Bl Quasi-stationary elevation 2

B2 Elevation at (3m, 0) for 2 = 0.6

B3 Elevation at (4m, 0) for 2 = 0

B4 Elevation at (37w, 0) for A 2 = 0.

i

In the case ¢ we have taken the typical case w=0.1so that (1.3) represents
a windfield of a ‘“‘symmetrical’’ storm which reaches its maximum at
=57 (22 hr) and returns to zero at ¢t =10x (44 hr). Here the same technique
has been used as in the preceding case. It appears that [(37x, 0, £) imitates
the wind-function with an approximately constant shitt in time viz.

(max=5.92 for ¢=19 (264 hr).

For =0 we would have
Cmax="17.55 for ¢=17.6 (241 hr).

Again there is a damping due to the Coriolis effect. The oraphs of
{(gm, 0,t) are given in fig. 4.
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From the results obtained in the cases a and ¢ it may be deduced that
a fair prediction of the maximum elevation at (4, 0) can be obtained
by taking the stationary elevation 2z which corresponds to the maximum
of the wind. This prediction, 6.28 instead of 5.90, is on the safe side with
a deviation of about 6 9/y. The observation that the elevation ((3x, 0, t)
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Fig. 4. Elevation at the “Dutch™ coast due to the sine-windfield

\ 0 for t < 0

"' =) —sin 0.1t for t > O.

Cl Quasi-stationary elevation 2x sin 0.1
C2 Elevation at (4x, 0) for 2 = 0.6.

C3 KElevation at (3m, 0) for Q = 0.

C4 Elevation at (dm, 0) for 4 = 2 = 0.

as a function of ¢ imitates the wind-function V(f) may algso be expressed
by saying that to a certain extent the sea is in equilibrium with the wind-
field of a few hours earlier. This finding confirms the usual practice of
the forecasting of water-levels at the Dutch coast.

Obviously we should be cautious in drawing conclusions from the few
numerical applications which have been made here. Therefore the following
conclusions must be taken with due reservation.

20, For a suddenly rising storm (stepfunction windfield) the elevation
at the southern coast rapidly increases and after some 12 hours already
takes on about 909/, of its stationary value.

39. For a sinusoidal storm the elevation at the southern coast equals
approximately the stationary elevation due to a stationary wind with
an mtensity corresponding to that of the wind occurring a certain constant
time earlier.

40, The elevation at the southern coast, due to a sinusoidal storm,can
be considered as the sum of the quasi-stationary elevation (forced
oscillation) and a damping term which is due to the lowest negative real
~ eigenvalue.
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Two important effects are not considered, namely the effect of the
non-uniformity of the depth and the inhomogeneity of the windfield.
The influence of these effects will be considered in a subsequent paper in

this series in which the problem is solved by purely numerical methods
with the use of the X1 computer of the Mathematical Centre.

2. An exponential windfield

If the components of the windfield U, V are proportional to the time
factor exp (pt) the original system of equations (VI 2.1) has a solution
which also contains the time factor exp (pf). In particular we may write

(2.1) S, y, t)=C(x, y, p)ert,

and similarly for » and v.

If (2.1) and similar expressions are substituted in the equa,mons (VI 2.1)
we again find the equations (VI 2.9) which previously were obtained by
Laplace transformation. Therefore the finding of a solution of the type
(2.1) 1s equivalent to that of determining the Laplace transform of (.
Without needing an inverse transformation by (2.1) a special solution is
obtained albeit for a somewhat pathological windfield. Of course (2.1)
makes sense only for p>0 (or more generally Re p> 0). Then a windfield
1s described growing in intensity from a perfect calmness (f — —oo) to
an infinite force (f — + oo).

Making use of the superposition principle, by addlng solutions of the
above kind more natural situations can be dealt with. We shall consider
here only a very special case but generalization will appear obvious.

We shall take the followmg “exponentlal” wmdheld (see ﬁg 1)
oo {U o o
(2. ‘) _, V= _____..0 27 (€0- 12¢ _ (). 9 0. 18t),

A few values of — V are gwen below

. TABLE 2 _

; =V | t . — V.
e 0 b 022 || St 1 0.85
cooe x| 030 || = 6m 0.98

27 0.40 ' 17 . 0.95

37 0.54 | 87 | 0.53

47 0.70 th - —0.73

Th1s wmdﬁeld represents a uniform Northern wind whloh 1s active
from = — oo onwards and which slowly rises until it reaches its maximum

1 at £=20.1. Next it falls off more and more rapldly Beyond t =97 the
model looses all physical reahty
The obvious solutlon to (2 2)

(2.3) C(x, y, t)=0.27{{(x, ¥, O. 12)e0 126 — (0,2 C(a: y, 0. 18) e° 13"}



where ((zx, y, p) coincides with the Laplace transform of the elevation
which is the solution of the problem stated at the beginning of VI section 4.
Therefore we may apply without reservation the results of the sections 5
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and 6 of the preceding paper.

The first step in our calculations is the computation of the coefficients
Ap, Bn (n=0,1,2,...) of (VI 4.12). The system (V1 5.7) gives after only

a few iterations _
p=0.12

p=0.18

The ocean condition gives after a number of purely numerical mani-

pulations ‘
»=0.12

p=0.18

The riumerical values obtained above enable us to compute C(, y, 012)
and ((z, y, 0.18) for any desired position (z, y). In particular at the “Dutch”

Ao= 4.805—0.022 By
A= 0.239 By
As= —0.0054+0.007 By
Ag= 0.031 By
As= —0.001+0.002 By
Az = 0.001 B,.
Ao= 3.390—0.035 By
Aq= 0.289 By
As= —0.009+0.013 By
Ag= 0.038 By
Asg= —0.002+0.003 By
As = 0.014 B,.

Ao=4.731
A1=0.805
Az=0.019
A3z3=0.104

" A4=0.006

As5=0.037

Ay=3.294
A1=0.782
As=0.026
A3=0.103
As=0.006
As5=0.038

coast y=0 we find for x=0(x/8)w

RS BN NS i G U g

X

0

-7t/ 8
-7t/ 8
-7t/8
-7t/ 8
+7r/8
7t/ 8
+7[8
-

L(x, 0, 0.12)

4.44
4.40
4.33
4.23
4.14
4.05
3.97
3.90
3.86

By= 3.366
Bi= - 0.847
Bo= —0.721
Bg3= 0.710
Bi= —0.654
Bs= 0.628.
Bo= 2.702
Bi= 0.846
Bo= —0.674
By3= 0.669
Bsj= —0.657
Bs= 0.615.

{(z, 0, 0.18)

3.80
3.76
3.67
3.56
3.46
3.35
3.25
3.17
3.14
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Using formula (2.3) we find in partiéular at the middle (37, 0) the following
elevation for f=0(x)9x.

TABLE 3
¢ (3, 0, t) t (3w, 0, 7)
0 0903 || sz ' 4.22
7T 1.30 ’ 67 5.19
27 1.80 ‘ T 5.90
37 2.45 I 87 5.61
4 3.26 | O 2.99

For other points at the “Dutch’ coast the result is only slightly different.
We have calculated the maximum elevation at a few points. The results
are given in the following table which shows that there exists a slight
decrcase in Kastern direction.

TABLE 4
X € max L Cmax
0 6.05 57t/8 | 5.88
7t/ 8 6.04 67r/8 | 5.85
27t/ 8 6.00 T7/8 | 5.84
37/8 5.99 7T | 5.83
47/8 5.90

The calculations also show that the maximum at (0, 0) is at a slightly
earlier time than at (7, 0). This is in accordance with the physical picture
of a tidal wave travelling counter-clockwise round the basin.

A uniform stationary windfield U=0, V=-—1 would have given
{(x, 0)=2n for all . This value is only slightly higher than the values
of {max from table 4. If we associate for each ¢ the corresponding stationary
value of ¢(z, 0) to the windfield (2.2) a curve — 2= V() is obtained which
1s very similar to that of {(dsx, 0, ) (see fig. 1), the main difference being
that the curves appear to be shifted in time. This suggests that the
elevation at the “Dutech’ coast can be approximated by the stationary
elevation which corresponds to the wind-velocity at an earlier instant
with an approximately constant time-lag. This can also be expressed by
saying that at each time the sea is in a stationary equilibrium with the
vindfield of a few hours earlier. '

The influence of the rotation of the Earth appears if we consider the
special case £2=0. According to (VI 7.2) we have at the ‘“‘Dutch’ coast

th 27‘!:(2’1 eP1t — cy th 275Q2
q1 q2

er2t,

(2.4) Hz, 0, ) =cy

We find ¢! th 2nq; = 4.64 and ¢a~! th 27q2=3.86. Then (2.4) gives (see
fig. 1) “
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TABLE 5
t | iR =0 t {(Q = 0)
0 105 || b= 4.73
7T 1.46 | 67t 5.83
27 | 2.02 f 170 | 6.63
3n | 275 || 8= 6.36
4n = 3.66 ’ O 3.45

These values are somewhat higher than those for 270 which were
given in table 3. This may point to a damping influence of the Coriolis
effect.

The elevation at the middle of the *“Dutch’” coast has been sketched
in fig. 1 for the various cases.

A; represents the quasi-stationary elevation --2xV(f). At the same
time it gives on a different scale the form of the exponential windfield
according to table 2.

Ay gives ((3, 0,1) for 2=0.6 according to table 3.

Az gives what the elevation would be for =0 according to table 5.

By using the expressions (VI 4.11) and (VI 4.12) and the numerical
values of the coefficients 4, and B, a great number of values of {(z, v, {)
have been calculated all over the sea for t=0(x)97%. From the numerical
data a number of pictures have been drawn up giving isohypses at the
various Instants (fig. 2). The figures attached to each line give the level
in meters for a conversion factor 1, i.e. for a wind maximum of 41 m/sec.
These pictures clearly show that the influence of the Coriolis effect in-
creases In the direction of the positive Y-axis. It is of interest to note
that this rather simplified model gives, at least qualitatively, a rather
good picture of the true pattern of elevations?).

3. A step-function windfield

We consider the uniform windfield

| 0 for t<0O
(3.1) [ =0, Vw{

—1 for t>0.

Further 1t will be assumed that at ¢ =0 everything is at rest. In section 8
of the preceding paper we have derived an approximate analytic expression
of the Laplace transform of the elevation at the ‘“Dutch’ coast. It has
been made clear that the approximation holds particularly well at the
middle of the “Dutch’ coast. Repeating (VI 8.18) we have

(3.2) 5(%—7[, 0’ p) s p“‘lZ(p),
where -
(3.3) Z(p)— SD (357 + 2q7) — sh jom

q ch (3sm+ qb)
1) Cf. R. H. Corkan (1950) and J.R.RossITER (1954).
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with

q = I/pz—l—lp “and 3—-.QI/

p+A

The computa,tlons of the precedmg sectlon may be used in order to
check the accuracy of (3.2) since the values of {(}7,0, p) are known for
p=0.12 and p=0, 18. Comparing the appro:umatlons Z(p) for p=0.12
and p=0.18 W1th the exact Va,]ues as given by pC we ﬁnd the followmg
result ' ' | | '
3 - TABLE 6

exact | approximation

Cop =012 | 4144 | 4087

--------

p=018 | 3.459 | = 3.439

|

Hence a wvery . satlsfactory agreement has been obtamed For. smaller
values of p the approximation may be expected to.be even better. -

The inverse transformation of the right-hand side of (3.2) can be ca,rried
out analytically by using the caleulus of residues (see VI 8.19). The pole
p=0 due to the windfield gives the residue 27 which corresponds to the
stationary elevation. The poles.of Z(p) are found by solving the equation
(VI 8. 21) The first few poles are g1ven in - the followmg table.

......

TABLE 7
m | om | amibm
0. | — 0.0744 | — 0.233 +-10.216
1 | — 0.115 | — 0.213 +1i0.736
2 | — 0118 |— 0211 4il.241
3 | m0119 -—0210i*1744

Then the inversion formula (VI 8 19) gives

(3.4) C(37, 0,t) ~ 2nx+ D> {Cpemt+ Re (Am—+1Bnp) e@mtibn)tl
m = ()

where the first few va,]ues of Am, Bm and Cy, are given by

Ay = — 4 59 Al — 0.26 As = —0.24
.By= 295 . By 0.84  By= —0.16
O’o -—-077 01 —--001 o 02-—---000

In the followmg table the elevatlon L(57; 0, 1t) 18 gwen for t-—-—-—O(n)lO:n:

II H

TABLE 8 _ o
t C(3m, 0,0) || | t(3m, 0,8)
0 0l ex 6.15
71 , 2.79 4 Tn 6.15
2 |  5.06  8x 6.16
3¢ 573 T 9% .} 7 6.18
4 . 6.07 Il 10w 6.20
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We note that after an interval of 4x (i.e. appr. 18 hours) the elevation
deviates less than 4 0/y from the stationary value. _

In order to assess the influence of 2 we have also considered the case
2=0. Then we have the exact expression

th 27g = -}--(1---26'"4”9' . 287 ).
pq P9 B

(3.5) C($ot, 0, p) =

From ErRDELYI et al. Tables 1 (5.3.26) and (5.6.36) it can easily be derived
that

(3.6) L SoteR L+ L)
and ' '
(3.7) ;—(—I-e*"qmje““"lo J—M/'z‘zmcz)dt for | i>c. |

By using (3.6) and (3.7) the inversion of the right- hand mde of (3 5) can
easily be performed. We find eventually

TABLE 9

e=0 || t | ue=0
0 o || ex | 688
y 2.87 | rF T 5.90
D7t 5.29 l 87 i 4.94
37 73T ] 97t ‘ 5.45
47 917 | 10w - 5.97
57 . 7.97 *‘ o0 . 6.28

Comparison of these values with those of table 8 shows that the Coriolis’
effect manifests 1tself in a damping influence. The various cases have
been sketched in fig. 3 in a similar way as in the previous section.

B: gives the stationary elevation 2. -

B; gives {(3m, 0,t) for £2=0.6 according to ta,ble

Bs gives what the elevation would be in absence of the Coriolis effect
according to table 9. ' |

B, is the almost trivial case A=0 and Q=0.

4. A step-sine wiﬂdﬁeld

The case considered in this section is very similar to that of the previous
section, the only dlfference being that here the following wmdﬁeld 18
considered -

{ 0 for <0

@b U= V=1_gn ot for i>0.

The time interval (0, z/w) presents a realistic picture of a storm which
gradually attains to its maximum and subsides slowly afterwards.
By way of illustration we take the numerical value. .w=0.1. Then the
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velocity of the wind has its maximum |V|=1 at {=5x, which is approx-
imately 22 hours.
Similarly as in (3.2) we find the approximation

W

(4.2) (37, 0, p) ~ mZ(P)~
Laplace inversion gives
(4.3) f(37, 0,t) ~ Im {ei®t Z(iw)} + residues of Z.

Substitution of the numerical values gives
(4.4) (3w, 0,1) ~ (5.42 sin w!—2.18 cos wt)+ 0.37e-0.074¢

The contributions from the higher poles soon become very small so that
say at t=>5n they can be neglected with small loss of accuracy. This may
be considered as an important result. Notably it means that the elevation
due to a sine-windfield of the form (4.1) is determined mainly by
a the quasi-stationary motion,
b the contribution from the lowest negative real eigenvalue.
It may be conjectured that this property is of a general kind and not
the result of a coincidence of the particular numerical values chosen here.
From (4.4) the following table can be derived

TABLE 10

t quasi-stationary motion | {(in, 0, t)
0 1 — 2.18

7 1 -+ 0.40
27 1.42 r 1.65
37 | 3.10 ; 3.28
4n 4.48  4.62
57t 5.42 g 5.53
672 ; 5.83 | 5.92
77 ; 5.67 . 5.74
87 | 4.95 5.01
97 ‘ 3.75 | 3.80
107 - 2.18 | 2.22
117 | 0.40 | 0.43
12 | - 1.42 ~— 1.40

If 2=0 we have the exact expression

w th 2nq
PP+ w? g

(4.5) C(3m, 0, p) =

The quasi-stationary motion can be derived from (4.5) by taking only
the contributions of the main poles p =+4iw. This gives with w=0.1

(4.6) Cqsm(37, 0, ) =6.96 sin wi—1.33 cos wt.

In order to obtain the elevation proper the contributions of the higher
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poles have to be added to (4.6). These poles are given by

= -3 +£HV(n+§)2-2,

It appears to be sufficient if only the contribution of the first pair of
poles 1i.e.

(4.7) n=1,2 3 ....

p=—0.06+10.243
18 taken into consideration. Then we obtain
(4.8) C(3m, 0, t) =Cqsm +€79-06¢(1,32 cos 0.243f{—2.05 sin 0.243t) + ....

The numerical values of {qsm and { according to (4.6) and (4.8) are given
in the following table

TABLE 11
t | quasi-stationary motion |
| for Q = 0 ((42 = 0)
|

0 ! — 1.33 . 0
2 0.88 - 0.50
2 3.02 . 1.66
3n 4.85 | 3.48
‘N 6.21 . 5.36
57 6.96 ~ 17.06
O 1 7.03 | 7.63
rE; 6.42 | 71.07
87 5.17 . 5.54
97t 3.42 i 3.38
107 ] 1.33 1.07
11z | — (.88 - 1.21
127 _ — 3.02 - — 3.21

| |

Comparison of tables 10 and 11 again shows the damping influence of the
Coriolis effect. The various cases have been sketched in fig. 4.
('1 gives the stationary elevation {=2x sin 0.1¢,
- Cy gives {(3m, 0, t) for £2=0.6 according to table 10.

Cs gives ((3m, 0,%) for =0 according to table 11.
Cy gives the elevation in the almost trivial case A=0 and 2=0.
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